The violation of lepton-flavor-universality in the neutrino-Z interactions can lead to extra matter effects on neutrino oscillations at high energies, beyond that due to the usual charged-current interaction of the electron-neutrino. We show that the dominant effect of the violation is a shift in the effective value of θ 23 . This is in contrast to the dominant effect of the charged-current interaction which shifts θ 12 and θ 13 . The shift in θ 23 will be difficult to observe if the value of sin 2 (2θ 23 ) is too close to one. However, if the value of sin 2 (2θ 23 ) is as small as 0.92, then a Fermilab→Hyper-Kamiokande experiment can potentially place a constraint on universality violation at the 1% level after 5 years of data taking.
I. INTRODUCTION
When considering matter effects on neutrino oscillations, it is customary to consider only the charged current interaction of the electron-neutrino mediated by W -exchange, and ignore the neutral current interactions of all three neutrino flavors mediated by Z-exchange. This is because the universality of the neutral current interaction ensures that the phases acquired by the three neutrino flavors through Z-exchange remain the same, and thereby do not lead to extra mixing effects beyond that due to W -exchange.
However, in many models beyond the Standard Model (SM), the universality of the Zν ℓ ν ℓ (ℓ = e, µ, τ ) couplings can be violated through radiative corrections, such as in Supersymmetric models with R-parity violating interactions [1] , or through the mixing of the light active neutrinos with heavy sterile ones [2] . The existence of a Z ′ which couples to the three lepton flavors differently can also mimic the violation of universality in Z-exchange [3] . Though the violation of Zν ℓ ν ℓ coupling universality in the particular models considered in Refs. [1] , [2] , and [3] are strongly constrained by the universality of the W ℓν ℓ and Zℓℓ couplings, they nevertheless provide existence proofs that the universality of neutral current interactions cannot be taken for granted.
The experimental bound on the violation of Zν ℓ ν ℓ coupling universality is also very weak.
The sole constraint comes from CHARM and CHARM II [4, 5] : 
where g ν ℓ is the coupling of neutrino flavor ν ℓ to the Z, normalized to 0.5 for the SM. These values were obtained from the measurements of the ratio R µ and the double ratio R e /R µ , where
The constraint on g νµ was obtained from R µ , and the constraint on the ratio g νe /g νµ was obtained from the double ratio R e /R µ assuming charged current universality. The constraint on g νe was obtained from those on g νµ and g νe /g νµ .
As we can see from the above numbers, while g νµ is fairly well constrained to the SM value of 0.5, g νe is ill constrained and can deviate significantly from 0.5. Of course, the sum of squares of the Zν ℓ ν ℓ couplings, namely
is well constrained to its SM value by the Z invisible width measured by LEP and SLD [6] , so any deviation in g νe must be accompanied by a corresponding deviation in g ντ to maintain this agreement. However, as long as g νe and g ντ conspire to do so, large violations of universality are allowed.
In this paper, we investigate the effect of such violations of neutral current universality on neutrino oscillations in matter. If the violation is as large as that allowed by CHARM and CHARM II, then it could lead to new effects that are measurable by long baseline neutrino oscillation experiments. If such effects are not seen, it could then improve upon the CHARM/CHARM II universality constraint.
This paper is organized as follows: In section II, we derive the effective potentials due to the charged-and neutral-current interactions which enter the effective Hamiltonians that govern neutrino and anti-neutrino propagation in matter. In sections III and IV, we approximately diagonalize the effective Hamiltonians for neutrino (III) and anti-neutrino (IV)
propagation using the method of Ref. [7] , and show how the effective mass-squared differences and effective mixing angles are affected by the presence of neutral current universality violation. In particular, we will show that the effective mass-squared differences are little affected, while the shifts in the effective mixing angles are confined to just one angle; which angle this is depending on the mass hierarchy, and on whether the neutrino or anti-neutrino case is being considered. In section V, we discuss how these shifts in the effective mixing angles will manifest themselves in the neutrino and anti-neutrino oscillation probabilities, and point out that whether any effect can be seen or not depends crucially on the value of sin 2 (2θ 23 ) in vacuum. In section VI, we present the results of a numerical calculation of the effective mass-squared differences, effective mixing angles, and oscillation probabilities, which validate the approximations used in the previous sections. In section VII, we consider a hypothetical experiment in which the Fermilab NUMI beam [8, 9] in its high-energy mode is aimed at a 1 Megaton class detector 9120 km away at Kamioka, Japan (the planned Hyper-Kamiokande [10] ) and discuss the potential constraint such an experiment can place on neutral current universality violation. Section VIII concludes.
II. THE EFFECTIVE POTENTIALS DUE TO W AND Z EXCHANGE
Let us first derive the effective potentials for neutrino propagation in matter, which account for the W -and Z-exchange interactions between the neutrino and the matter fermions.
The effective potential due to W -exchange is well known [11] , but we will re-derive it in the following to provide a parallel to the Z-exchange case.
At momentum transfers much lower than the W and Z masses, the weak interaction
Hamiltonian of the neutrinos is given by
where N ℓ ≡ ℓ| ℓ † ℓ |ℓ is the density of the charged lepton ℓ, and φ ν ℓ is the two-component wave-function of the left-handed neutrino ν ℓ . This shows that the effective potential that the neutrino experiences as it travels through matter is
In ordinary matter, N µ = N τ = 0. Therefore,
Similarly, the forward scattering amplitude due to Z-exchange between a neutrino and a non-relativistic fermion f is given by
where we have set the ρ-parameter to one, and N f = f | f † f |f is the density of the fermion f . The effective potential due to the neutral current interaction is then
Since N e = N p in electrically neutral matter, we find
Assuming N ≡ N e = N p ≈ N n , which is valid for the lighter nuclei which constitutes most of the Earth, we can relate N (cm −3 ) to the matter density ρ (g/cm 3 ) via the Avogadro number N A :
Then,
where we have used
and c = 0.197326968(17) GeV · fm [5] . Therefore,
For anti-neutrinos, both V CC and V N C reverse their signs.
III. THE EFFECTIVE MIXING ANGLES, NEUTRINO CASE

A. Inclusion of Neutral Current Effects into the Effective Hamiltonian
The effective potentials derived above enter the effective Hamiltonian for neutrino oscillations (multiplied by 2E) as follows:
Here, U is the MNS matrix in vacuum [12] , a comes from the W -exchange interaction of ν e with the electrons in matter, while b e , b µ , and b τ come from the Z-exchange interaction of each neutrino flavor with the neutrons. If b e = b µ = b τ = b, then the b-matrix is proportional to the unit matrix, and it will not contribute to neutrino oscillations. However, if neutral current universality is broken, then b e = b µ = b τ in general and the b-matrix cannot be ignored.
The experimental constraints from CHARM/CHARM II, Eq. (1), allow b e and b τ to deviate significantly from b = −a/2, provided that b e + b τ = 2b to satisfy the Z invisible width constraint, Eq. (3). We therefore write
and use ξ to parametrize the violation of universality.
Notice that we can rewrite the matter-effect terms in Eq. (17) in several different ways:
Since the unit matrix terms can be dropped, this shows that we can always reduce the problem to the case b τ = 0, or b µ = −b τ . We will use the latter replacement in the following.
For the case of Eq. (18), this entails making the replacement
Furthermore, we absorb the factor 3bξ in the (1, 1) element into a since we can expect 3bξ ≪ a, and the uncertainty in the matter density ρ which enters into a can be expected to hide any such shift. Therefore, the effective Hamiltonian we will consider is
The problem is to diagonalize H and find the eigenvalues λ i (i = 1, 2, 3) and the diagonalization matrix ∼ U.
To this end, we use the method of Ref. [7] in which the λ i 's and ∼ U were derived for the ξ = 0 case. The procedure followed in Ref. [7] was to approximately diagonalize the effective Hamiltonian, H, using the Jacobi method: 2 × 2 submatrices of H are diagonalized in the order which requires the the largest rotation angles until the off-diagonal elements are negligibly small. As the order parameter to evaluate the size of these off-diagonal elements, we use
and consider H to be approximately diagonalized when the rotation angles required for further diagonalization are of order ε 3 or smaller. For δm For the sizes of the mixing angles in vacuum, we assume
and cos(2θ 23 ) ≤ O(ε) as in Ref. [7] . We also assume that the universality violation parameter ξ is of order ε 2 = 0.02 ∼ 0.06, since the central value of the CHARM/CHARM II result translates to ξ = 0.025.
B. Diagonalization of the Effective Hamiltonian
For the neutral current term bξ in Eq. (21) to have a non-negligible effect on neutrino oscillations, we anticipate that it must be at least as large as, or larger than, the smaller mass-squared-difference δm Introducing the matrix
we begin by partially diagonalizing the Hamiltonian H as
The matrix multiplying bξ is given by 
Using cos(2θ 23 ) ≤ O(ε) and θ 13 = O(ε), we estimate the sizes of the elements of M b to be
Since we are only interested in the leading order effect in ξ, we neglect the O(ε) terms in M b and approximate 
Under this approximation, the effective Hamiltonian that must be diagonalized is 
At this point, we set δ = 0 for the sake of simplicity. Then H ′ becomes 
B1. First Rotation Applying the Jacobi method to H ′ , we first diagonalize the (1, 2) submatrix which requires a rotation by an angle of O(1). Define the matrix V as:
where c ϕ = cos ϕ , s ϕ = sin ϕ , tan 2ϕ ≡ ac 
Then, 
where 2 .
As discussed in Ref. [7] , in the region a/|δm
from which we can conclude
Also, expanding λ ′ ± , we find
Therefore, the sizes of the elements of H ′′ are evaluated to be
Unlike the ξ = 0 case considered in Ref. [7] , both the (1, 3) and (2, 3) submatrices require rotations by angles of O(ε) to diagonalize. Here, we diagonalize the (2, 3) submatrix next to maintain the parallel with the ξ = 0 case.
B2. Second Rotation
The matrix W which diagonalizes the (2, 3) submatrix is
where c φ = cos φ, s φ = sin φ, and tan 2φ ≡ 2(as 
The angle φ is in the first quadrant when δm 
When a/|δm
Therefore, sin 4φ 0 ≈ − sin(4θ 13 ) for both the δm 2 31 > 0 and δm 2 31 < 0 cases and using Eq. (38), we find
Therefore, the difference between φ and φ 0 can be neglected in this range.
Using W , we obtain
where
If we define
Also, from Eq. (45) and the fact that φ ≈ φ 0 , we conclude
In the ξ = 0 case considered in Ref. [7] , H ′′′ was already approximately diagonal and further diagonalization was not necessary. However, when ξ = O(ε 2 ), the sizes of the elements of H ′′′ are found to be
when δm 2 31 > 0, and
when δm Define the matrix X as
Recalling that
and s φ ≈ 1, we find
Therefore, the angle χ is given approximately by
from which we can conclude that s χ = O(ε) and c χ = O(1). The eigenvalues can also be expanded in ε and we find
Note that these shifts of the eigenvalues are of order aO(ε 3 ) and have negligible effect on
Putting everything together, we evaluate the sizes of the elements of H ′′′′ X to find
This shows that further diagonalization requires rotations by angles of O(ε 3 ) or smaller, which we will neglect.
Thus, we have found that when ξ = O(ε 2 ) and δm 2 31 > 0 (normal hierarchy), we need an extra (1, 2)-rotation to diagonalize H, and the diagonalization matrix is UV W X, which we need to identify with
to obtain the effective mixing angles and effective CP phase. From Ref. [7] , we know that when δm 2 31 > 0 and a/|δm
where we have defined
(Recall that we are considering the δ = 0 case). Since X is an (1, 2)-rotation, multiplication of ∼ U = UV W from the right by X only shifts the value of ∼ θ 12 by χ. Therefore, we can conclude that
In these expressions, non only χ, but also φ and θ ′ 13 = θ 13 + φ depend on ξ. However, the ξ-dependence of φ is very weak. The ξ-dependence of δλ 31 and δλ 21 are also weak, so the effect of a non-zero ξ will appear dominantly in
B4. Third Rotation, δm 2 31 < 0 Case
In this case, we need to diagonalize the (1, 3)-submatrix of H ′′′ . Define the matrix Y as
where,
Using
and c φ ≈ 1, we find tan 2η = 2(ac
Therefore, the angle η is given approximately by
from which we can conclude that s η = O(ε) and c η = O(1). The eigenvalues can also be expanded in ε and we find
Again, these shifts in the eigenvalues are negligible. Putting everything together, we evaluate the sizes of the elements of H ′′′′ Y to find
Thus, we have found that when ξ = O(ε 2 ) and δm 2 31 < 0 (inverted hierarchy), we need an extra (1, 3)-rotation to diagonalize H, and the diagonalization matrix is UV W Y . We need to identify this product with
to obtain the effective mixing angles and effective CP phase. From Ref. [7] , we know that when δm 2 31 < 0 and a/|δm
Furthermore, in the range a/|δm
which implies that
Therefore, η can be absorbed into
As in the δm 2 31 > 0 case, the ξ-dependence of θ ′ 13 = θ 13 + φ is very weak, so the effect of a non-zero ξ will appear dominantly in ∼ θ 23 .
C. Summary of Neutrino Case
To summarize what we have learned, the main effect of including the bξ terms, which come from neutral current universality violation, in the effective Hamiltonian is to shift 
while for the δm 
IV. THE EFFECTIVE MIXING ANGLES, ANTI-NEUTRINO CASE A. Inclusion of Neutral Current Effects into the Effective Hamiltonian
For the anti-neutrinos, the effective Hamiltonian is given bȳ
The differences from the neutrino case are the reversal of signs of the CP violating phase δ (and thus the complex conjugation of the MNS matrix U), and the matter interaction terms a, and b ℓ (ℓ = e, µ, τ ). We denote the matter effect corrected diagonalization matrix as Using the matrix Q from Eq. (23), we begin by partially diagonalize the effective Hamiltonian as
The matrix which multiplies a is given bȳ 
while the matrix which multiplies bξ is given bȳ 
Using cos(2θ 23 ) ≤ O(ε) and θ 13 = O(ε), the sizes of the elements ofM b are evaluated to bē
As in the neutrino case, we neglect the O(ε) terms inM b and approximatē
The effective Hamiltonian which must be diagonalized is then 
From this point on, we set δ = 0 for the sake of simplicity. Then,H ′ becomes 
B1. First Rotation
Applying the Jacobi method onH ′ , we begin by diagonalizing the (1, 2)-submatrix. Define
, (−θ 12 <φ ≤ 0) .
From Ref. [7] , we know that in the region a/|δm
, we can expandφ as
Therefore,c 
The expansions ofλ ′ ± are given bȳ
Therefore, the sizes of the elements ofH ′′ can be evaluated to bē
As in the neutrino case, though we have a choice of whether we diagonalize the (1, 3) or the (2, 3) submatrix, since both require rotations by angles of O(ε), we diagonalize the (1, 3) submatrix next to maintain the parallel with the ξ = 0 case.
B2. Second Rotation
Define the matrixW asW 
The angleφ is in the fourth quadrant when δm 
When a/|δm 
φ + (as 
Also, from Eq. (109) and the fact thatφ ≈φ 0 , we concludē
Putting everything together, we evaluate the sizes of the elements ofH ′′′ and find
when δm 2 31 > 0, andH
when δm To diagonalize the (2, 3) submatrix ofH ′′′ , we define the matrixX as
andc φ ≈ 1, we find
Therefore, the angleχ is given approximately bȳ
from which we can conclude thats χ = O(ε) andc χ = O(1). The eigenvalues can also be expanded in ε and we find 
As in the neutrino case, the shifts in the eigenvalues are of order aO(ε 3 ) and their effects on δλ 31 = aO(1) and δλ 21 = aO(1) are negligible. Putting everything together, we evaluate the sizes of the elements ofH ′′′′ X to find
We have found that when ξ = O(ε 2 ) and δm 
From Ref. [7] , we know that when δm 2 31 > 0 and a/|δm 
SinceX is an (2, 3)-rotation matrix, multiplyingŪVW from the right withX will only lead to a shift in ∽ θ 23 . Therefore,
In this case, we diagonalize the (1, 2) submatrix ofH ′′′ . Define the matrixȲ as
ands φ ≈ 1, we find tan 2η = 2(as
Therefore, the angleη is given approximately bȳ 
Again, the shifts are negligible. Putting everything together, we evaluate the sizes of the elements ofH
which shows that further diagonalization requires rotations by angles of O(ε 3 ) or smaller, which we will neglect.
Thus, we have found that when ξ = O(ε 2 ) and δm 2 31 < 0, the diagonalization ofH requires an extra (1, 2) rotation, and the diagonalization matrix isŪVWȲ . As in the δm 
Again, from Ref. [7] , we know that the identification ofŪVW with 
C. Summary of Anti-Neutrino Case
To summarize, in contrast to the neutrino case, the main effect of including the bξ terms in the effective Hamiltonian for the anti-neutrinos is to shift 
while for the δm 2 31 < 0 case, the shift in ∽ θ 12 is given bȳ
Listing these results together with those for the neutrino case from the previous section, we obtain Table I . The accuracy of our approximation will be demonstrated later by comparing our conclusions with the exact numerical results. Let us now investigate how these shifts in the effective mixing angles affect the oscillation probabilities.
V. THE OSCILLATION PROBABILITIES
The oscillation probability from neutrino flavor ν α to neutrino flavor ν β in vacuum is given by
for the α = β case, and
for the α = β case, where J (α,β) is the Jarskog invariant,
and
The oscillation probabilities for anti-neutrinos can be obtained by replacing U with its complex conjugate, which amounts to flipping the sign of the CP violating phase δ.
The oscillation probabilities in matter are obtained by making the replacements
for the neutrinos, and
for the anti-neutrinos. For instance, the ν µ andν µ survival probabilities in matter are given
Let us calculate these probabilities in the range a/|δm 
For the δm 
Therefore,
Note that
Using s
which shows that the O(ε) terms in ∼ θ 12 and ∼ θ 23 other than χ cancel (this only happens for the δ = 0 case considered here) and we can approximate
A2. δm 2 31 < 0 Case
For the δm 2 31 < 0 case, the effective mixing angles in the region a/|δm
B. Anti-Neutrino Oscillations
To calculate theν µ survival probability, we need 
, and we can
which yields
B2. δm 2 31 < 0 Case
which yields 
which allows us to approximate
(Again, the cancellation of the O(ε) terms other thanη occurs only for the δ = 0 case considered here.) Therefore,
C. Summary of Oscillation Probabilities
To summarize what we have found, the ν µ andν µ survival probabilities for the δm 2 31 > 0 (normal hierarchy) case are given by
while for the δm 2 31 < 0 (inverted hierarchy) case, they are given by
Therefore, though the effect of a non-zero ξ appears in different effective mixing angles depending on the mass hierarchy, and whether the particle considered is the neutrino or the anti-neutrino (cf . Table I ), the net effect on the ν µ andν µ survival probabilities for all cases is to shift θ 23 in the oscillation amplitude.
Unfortunately, this shift in θ 23 may be difficult to observe. The current experimentally preferred value of sin 2 (2θ atm ) ≈ sin 2 (2θ 23 ) is one, with the 90% lower limit given by [13, 14] 
Given the shape of the function sin 2 (2θ 23 ) around θ 23 = π/4, sin 2 (2θ 23 ) is insensitive to small shifts in θ 23 . Indeed, because of this, the angle θ 23 itself is ill constrained, the above limit translating into
However, our knowledge of the value of sin 2 (2θ 23 ) is to be improved considerably in the near future. The long baseline neutrino oscillation experiments MINOS [8] , T2K [15] ,
NOνA [16] , and others [17] [18] [19] [20] will measure sin from the CP non-violating part of the ν µ → ν e oscillation probability [16, [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Therefore, a unique and accurate value of sin 2 (2θ 23 ), together with whether θ 23 is larger or smaller than π/4, may be known. Furthermore, if the 1-Megaton Hyper-Kamiokande (HyperK) detector is ever constructed, a JPARC→HyperK long-baseline experiment will improve the limits even further [10] .
Even then, if the central value of sin 2 (2θ 23 ) is too close to one, then the shift due to ζ will be invisible. Let us assume, for the sake of argument, that a 1% shift in sin 2 (2θ 23 ) is detectable. Since
the shift due to ζ would be visible if
The size of ζ for ρ = 4.6 g/cm 3 , E = 17 GeV, ξ = 0.025, and |δm 
For this shift to be visible, we must have
or sin 2 (2θ 23 ) < 0.993 .
If we require a 2% shift, the limit will be sin 2 (2θ 23 ) < 0.97, and a 3% shift would require sin 2 (2θ 23 ) < 0.93. Therefore, whether the effect we are considering can be observed or not depends crucially on the value of sin 2 (2θ 23 ).
VI. NUMERICAL RESULTS
The discussions up to this point were all based on approximate analytical calculations. To illustrate the accuracy of our analytical results, we presenting here the results of a numerical calculation of the effective mass-squared-differences, effective mixing angles, and oscillation probabilities.
As inputs, we use the following: For θ 23 , we consider the two cases The remaining parameters are fixed to (see Ref. [7] and references therein) : 
The baseline length of L = 9120 km is the distance from Fermilab to Kamioka, Japan, and the mass density of ρ = 4.6 g/cm 3 is the average mass density along this baseline calculated from the Preliminary Earth Reference Model [35] .
Figs. 1 and 2 show the energy dependence of the effective mass-squared differences, effective mixing angles, and oscillation probabilities of the neutrinos: Fig. 1 Table. I. However, the graphs on the bottom rows show that these shifts in the mixing angles are virtually invisible in the oscillation probabilities when sin 2 (2θ 23 ) = 1, but quite visible when sin 2 (2θ 23 ) = 0.92, again as expected.
Numerical calculations for the anti-neutrino case also confirm the accuracy of our analytical results, though we will not present them here.
VII. FERMILAB → HYPER-KAMIOKANDE
If the value of sin 2 (2θ 23 ) is not too close to one, then matter effects due to neutral current universality violation will lead to shifts in the oscillation probabilities, as shown in the bottom row of Fig. 2 . Let us now ask whether such shifts are observable in long baseline neutrino oscillation experiments. In the following, we will assume that sin 2 (2θ 23 ) = 0.92 (θ 23 < π/4), which was the value used in Fig. 2 , and that it is accurately known.
The effect we would like to see only appears at mass densities and energies at which
or for |δm
Since the mass density of the Earth's crust and mantle are 3 ∼ 5 g/cm 3 [35] , this requires the beam energy to be larger than ∼ 10 GeV. At these energies, the position of the first oscillation peak (dip) is determined by the condition
or
Therefore, the experiment we need to consider is such that a neutrino beam of energy in excess of 10 GeV is aimed at a detector about 10,000 km away.
At this point, we note that a ν µ beam with the required energies is already available at Fermilab. Fig. 3 is reproduced from the NUMI Technical Design Handbook [9] and shows the energy profile of the NUMI beam in its high energy mode. As we can see, the beam has considerable support in the 5 ∼ 25 GeV range. The vertical axis is the expected number of charged current ν µ events at MINOS per kiloton of detector material, per year, per GeV bin without any oscillation. If a similar beam were aimed at a detector ∼ 10 4 km away, which is more than 10 times the distance from Fermilab to MINOS, the ν µ flux will be attenuated by at least 2 orders of magnitude from what is available at MINOS. Therefore, a megaton class detector would be required if the number of observed events is to be statistically significant.
The planned Hyper-Kamiokande (HyperK) [10] is a megaton water-Chrenkov detector which would be at a distance of L = 9120 km from Fermilab. Aiming a NUMI-like beam from Fermilab at HyperK (the declination angle is 46 degrees) would provide the necessary energy, detector mass, and baseline length. So this is the setup we will consider. The average matter density along the baseline would be 4.6 g/cm 3 , and the oscillation probability to be measured will be that shown in Fig. 2 .
In Fig. 4 , we show the expected number of ν µ events at HyperK for 5 years of data taking.
The dotted line indicates the expected numbers without any oscillation, and was obtained by rescaling the numbers from As one can see from the figure, the expected number if events is fairly large even at this distance, and even with oscillation. To see what kind of constraint this experiment could place on ξ, we calculate the χ 2 between the ξ = 0 and the ξ = 0 cases, i.e.
where N i (ξ) is the expected number of events in the i-th GeV-wide bin, and plot the ξ-dependence of the χ 2 (ξ) in Fig. 6 . We have restricted the bins that enter into χ 2 (ξ) to the 8 to 22 GeV range (14 bins), since that is the range in which the expected number of events fluctuates significantly with ξ. With 5 years of data taking, we can read off from the graph that the ξ = 0 and ξ = ±0.005 cases are distinguishable at the 99% confidence level. This corresponds to a limit on universality violation at the 1% level, which will be comparable to the constraints from LEP/SLD [1] [2] [3] but completely model independent. For fewer years of data taking, the limits will be correspondingly weaker.
We emphasize that the conclusions in this section are valid only for the sin 2 (2θ 23 ) = 0.92 (θ 23 < π/4) case. The closer sin 2 (2θ 23 ) is to one, the more difficult it will be to detect the presence or absence of ξ.
VIII. SUMMARY AND CONCLUSIONS
In this paper, we have considered the matter effect on neutrino oscillations due to neutral current universality violation. It was shown that the effect of the violation appears dominantly as a shift in the effective value of θ 23 at high energies, while the other effective mixing angles and effective mass-squared-differences are virtually unaffected. As a result, the effect will manifest itself as changes in the amplitudes of the oscillation probabilities, while the locations of the oscillation peaks and dips in distance/energy remain the same. However, since the amplitudes of the ν µ andν µ survival probabilities are proportional to sin 2 (2θ 23 ), the shift in θ 23 would be difficult to detect if sin 2 (2θ 23 ) is too close to one.
If the value of sin 2 (2θ 23 ) is as small as 0.92, the current 90% lower bound, then a 5-year measurement of the ν µ survival spectrum by a Fermilab→HyperK experiment could place a model-independent constraint on neutral current universality violation at the 1% level. This would be competitive with the model-dependent constraints extracted from LEP/SLD data [1] [2] [3] .
The analysis in this paper was restricted to the δ = 0 case, in which the effective θ 23 was unaffected by charged-current interactions. For the δ = 0 cases, one needs to account for the charged-current shift discussed in Ref. [7] , in addition to the neutral-current shift discussed in this paper, making the analysis somewhat more complicated. However, for the neutrino case with inverted hierarchy (δm 2 31 < 0), and the anti-neutrino case with normal hierarchy (δm 2 31 > 0), charged-current effects are always absent from θ 23 , regardless of the value of δ. Therefore, using neutrinos if the hierarchy is inverted, and anti-neutrinos if the hierarchy is normal, can potentially provide a clean signal.
